A rational Diophantine m-tuple is a set of m nonzero rationals such that the product of any two of them is one less than a perfect square. Recently Gibbs constructed several examples of rational Diophantine sextuples with positive elements. In this note, we construct examples of rational Diophantine sextuples with mixed signs. Indeed, we show that such examples exist for all possible combinations of signs.
Introduction
A set of m nonzero rationals {a 1 , a 2 , . . . , a m } is called a (rational) Diophantine m-tuple if a i a j + 1 is a perfect square for all 1 ≤ i < j ≤ m (see [5] ).
The principal question is how large a rational Diophantine tuple can be. In case of integer Diophantine tuples, the corresponding question is almost completely answered. Namely, it is well-known and easy to prove that there exist infinitely many integer Diophantine quadruples (e.g. {k − 1, k + 1, 4k, 16k 3 − 4k} for k ≥ 2), while it was proved in [8] that there does not exist an integer Diophantine sextuple and there are only finitely many such quintuples (see also [10] ). However, in the case of rational Diophantine tuples, no absolute upper bound for the size of such sets is known (the existence of such a bound follows from the Lang conjecture on varieties of general type). The first example of a rational Diophantine quadruple was the set { Since 1999, several examples of rational Diophantine sextuples were found by Gibbs [11, 12] 
Caporaso, Harris and Mazur [2] proved that the Lang conjecture on varieties of general type implies that for g ≥ 2 the number
Here C runs over all curves of genus g over a number field K, and C(K) denotes the set of all K-rational points on C. Therefore, the number of elements in a rational Diophantine tuple should be bounded by 5 + B(2, Q) (and also by 4 + B(4, Q), see [14] ).
It can be noted that all Gibbs' examples of sextuples contain six positive rationals. Thus, it makes sense to ask if there exist such sextuples with mixed signs. Since {a 1 , . . . , a 6 } is a Diophantine sextuple if and only if {−a 1 , . . . , −a 6 } has the same property, it suffices to find sextuples with exactly one, two and three negative elements.
The constructions
In the constructions of rational Diophantine sextuples, we use several techniques. Most of them can be explained in terms of elliptic curves.
If {a, b} is a rational Diophantine pair, then {a, b, a + b ± 2 √ ab + 1} is a rational Diophantine triple. Such triples are called regular.
Let {a, b, c} be a (rational) Diophantine triple. In order to extend this triple to a quadruple, we have to solve the system
It is a natural idea to assign to the system (1) the elliptic curve E :
There are three rational points on E of order 2, and also other obvious rational points
The x-coordinate of a point T ∈ E(Q) satisfies (1) if and only if T − P ∈ 2E(Q) (see [6] ). It can be verified that S ∈ 2E(Q). This implies that the numbers x(P ± S) satisfy the system (1). These numbers are exactly the numbers 
In [ This construction can be explained also in the terms of elliptic curve E. Namely, let D be the point on E with the x-coordinate d. Then the numbers e + and e − are exactly the x-coordinates of the points D ± S on E. (See [7] for the characterization of regular quadruples and quintuples in terms of the elliptic curve y 2 = (ax + 1)(bx + 1)(cx + 1)(dx + 1).)
Now we describe briefly three techniques for contruction of rational Diophantine sextuples.
• Let ab + 1 = r 2 and c = a + b + 2r, i.e. take {a, b, c} to be a regular rational Diophantine triple. Consider the elliptic curve E given by (2) . We may expect that it has infinitely many rational points (see [9] ). Of course, we can test only finitely many such points. The test will involve the condition that certain rational number, with randomly-looking numerator, is a perfect square, which is more likely to be satisfied if the numerator is small. Thus, in this construction we use rational points of relatively small heights on E. For example, if rank(E(Q)) = 2 and In that way, we find e.g. the sextuple { [5, Proposition 3] ). This number is the x-coordinate of the point 3P on E. Again, we can apply the construction from [5] to the quadruple {a, b, c, d}, to obtain e + and e − , and if e + e − + 1 is a perfect square, then we get a rational Diophantine sextuple {a, b, c, d, e + , e − } (provided that all its elements are distinct and nonzero). The reason why in this construction we use irregular triples {a, b, c} is that for regular triples, we have d = d + , so the resulted quadruple is regular and gives e + e − = 0. By this construction we find e.g. the sextuple {− The described algorithms are implemented in PARI/GP [15] , and for computing the ranks we use MWRANK [3] .
